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1. Introduction 

Let and {82,^^2,(^2) be two measurable spaces with sigma-finite non-trivial 

measures /xi, fj,2. We denote as usually for any measurable function / : Si ^ i? 

i/p 



l/lp,Aii 

/ e Lp{^i) ^ |/|p,^, < 00; 

l/lp,M2 

or simple 



Si 



,p G [1,00) 



\f{xWdfi2{x) 



S2 



1/p 



,p e [1,00), 



l/U 



p,^J■ 



US 



i/p 



,p e [1,00) 



f E Lp \f\p < 00 in the case when (S'i,Si,/ii) = (5*2,^2, 7x2) = (5', and denote 

L{a, b) = r\p(z(^a,b)Lp. 
As usually, 

|/|oo,M = vraisup 



We will denote for simplicity in the case when X C R'^,d = 1,2,... and when /i is usually 
Lebesgue measure 

1 



2 



l/lp=l/l 



\f{x)\^dx 



IJ X 



1/p 



Let T be linear integral operator of a view: 



T[f]{s) = Tfix) = / Kis, S2) /(S2) d/i(s2), s G 5i. (1) 

Here the kernel K = K{si, S2), si G 6*1, S2 G 5*2 is bimeasurable, i.e. measurable relative 
the sigma-algebra Si x S2 with values in the real axis R function. We denote as l-f^lp,^ 
the norm of the operator T from the space -Z^p,^2 i^^*^ space Lg^^^-^ : 



IT 



\T[f]U,,, 
\p,q ~ I fi 



It is evident that in general case the function K = \K\p^q may be infinite for some values 
(p, g), therefore we denote 

G{T) = {(p, g) : p, g G [1, 00), \T\p^g < 00} 

and suppose G(T) 7^ 0. 

We define formally for the values (p, q) which does not belonging the set G{T) \T\p^q = 
+00. 

Denote also for j = 1,2,3 

G^^\K) = {{p,q) : p,qe [l,oo), < 00} 

It is evident that G{T) D G^^\K). 

The complete description of the set G{T) it follows from the classical interpolation 
Riesz-Thorin theorem, PQ, [3]. 

There are many estimations of the value Tpg, see, for example, [Tl], chapter 5, [21], 
chapter 7-9, |32], chapter 5. Let us denote for simplicity the arbitrary upper estimation of 



the value |T|p ,j as Kp^q 



ITI < k''^^ — K 



We recall here some expressions for the functionals Kp}q\ obviously, these formulas are 



reasonable in the case of finiteness 

'(1) _ 



(i) 



For instance, Kp^j 



vraisup / 1^(51,52)1 djj,{si) 

_ S2<^S2 J Si 



- 1-1/p 




i/p 


X 


vraisup / \K{si, S2)\ dfi{s2) 






. sie5i JS2 





Kf) = Ml''''-'""'""' ■ M 



1/Pl-P2/(PP1) /l,fl/P 
2 ) 



(3) 
(4) 



where 1 < p,q,Pi,qi,P2,q2 < 00, ppi/{p-p2) = r e [l,oo), q < q2, 

1 1 _ 1 1 _ ^ _ 1 1. 

Pi qi P2 q2 P 



Ml = vraisup / |-ft'(si, 52)]^^ (i/i2(s2), 

si&Sx J S2 

M2 = vraisup / \K{si, S2)\^' d^i{si); 
S2&S2 Jsi 



3 



p,r 



1 ■ 



\K{si,S2)\'' d^^2{s2) 



IJS2 



1/r 



(5) 



1/p + 1/g = 1, p, g, r G (1, 00) etc. 
Evidently, we can define 



K^^l = min Kl^l 



Another example (weight Hardy operator). Let X = {a,b), < a < b < 00 with 
ordinary Lebesgue measure dfi = dx. Let us consider the following integral operator, 
which used in the theory of Sobolev spaces [30] : 



TJ{x) := vix) / uit)fit) dt. 

J a 

Let l<g<p<oo; = p/ip — I), = q/ (q — l/s := 1/q — 1/p, B = B(p,q) :- 



\v{t)\'' dt 



1/9 



\u{t)f 



l/s 



It is known (see [i2.\) that 



|'u(x)|''^'' dx 



Ml' 



q"%p'q/sfl'^' B < \Ta\p,q < q"" [p') " B. 

In the case when a = 0,6 = 00, u{t) = l,v{x) = 1/x we obtain the classical Hardy 
operator 

To[/](x) ■.= x~' r f{t)dt 
Jo 

with the known exact value of Lp Lp norm: 

l^olp,p = p/(p - 1), p e (1, 00], 

see [19], p. 229-238. There are many analogous examples at the same place, e.g.: 



T+[/](x) := 
TmifKx) : = 

Ti[f]{x) - 







fiy) dy 



X + y 

°° f{y)dy 
max(x, y) 



IT I 

5 K + IPjP 



TC 



sin(7r/p) 

-.2 



IT 



p- 



p — 1 



p e (1,00); 



p e (1,00), 



f{y) dy 



\Td\p,p = p, p e (1,00), 



\og{x/y)f{y) dy 
x-y 



\Ti\{p,p) 



TT 



sin(7r/p) 



etc. 



Another examples. Let us consider the operators of a "multiplicative" view: 

POO 

Tm[/](x) = Tm/(x) = / Kix- y)fiy)dy, K{x) > 0. 

Jo 



Denote by 



4 



oo 

s-1 



((s) = / K{x) x'-' dx 







the Mellin's transform of the kernel K{-), and assume that there exist a values a,b; 1 < 
a < 6 < oo for which 

Vp e {a,b) => C{l/p) < oo. 
It is known pLBj, p. 256, [21], p. 146 that 



\TM[f]\i<ai/p) / {x\f{x)\rdx/x 



and analogously 

POO 

/ x^-2|TM[/](x)r rfx < c^((p- i)/p) i/i^. 

In the case when K{x) = exp(— x) we obtain the classical Laplace transform: 



oo 



Mf]{x) = ^f{x) = / exp{-xy)f{y)dy. 
Jo 

In this case ({s) = r(s) and moreover 

|A[/]|,/<(27r/p/)V^^ l/U pe[l,2]. 

Analogous estimations are true for Fourier transform. 

In the books [19J, chapter 6 and [31], chapter 5 there are many other examples of 
integral operators with calculated or estimated norms in the classical Lebesgue spaces Lp. 

There exists a possibility when for any value of variable p, p & {A, B) there exists (in 
general case) a unique value q, q E (1, oo) for which \T\p^q < oo; see example further. We 
will denote in this case T = T(-) G UC and will denote the correspondent function by 
w : w = w{p) : W{p) := |T|p„,(p) < oo and 

Vt 7^ w{p) \T\p^t = oo. 

Our aim is a generalization of the estimation (3), (4), (5) on the so - called Bilateral 
Grand Lebesgue Spaces BGL = BGL{ip) = G^ip), i.e. when /(■) e G^ip) and to show 
the precision of obtained estimations by means of the constructions of suitable examples. 

We recall briefly the definition and needed properties of these spaces. More details see 
in the works pj], [20], [21], [33], [M], [26], [23], [25] etc. More about rearrangement 
invariant spaces see in the monographs [2j, [27]. 

For a and b constants, 1 < a < 6 < oo, let ■j/' = ipij)), p G (a, &), be a continuous 
positive function such that there exists a limits (finite or not) ip{a + 0) and ifjib — 0), with 
conditions infpg(ab) > and min{-?/'(a + ^),ip{b — 0)} > 0. We will denote the set of all 
these functions as ^'(a, 6). 

The Bilateral Grand Lebesgue Space (in notation BGLS) G{ip\ a, b) = G{ip) is the space 
of all measurable functions f : —> R endowed with the norm 



||/||G(V^) =^ sup 

pe(a,fe) 



(6) 



if it is finite. 
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In the article ^34] there are many examples of these spaces. For instance, in the case 
when l<a<6<oo,/9,7>0 and 

ip{p) = ip{a, b; l3, r, P) = (P- a)~^{b - p)"^; 

we will denote the correspondent G{ip) space by G{a, b; f3, 7); it is not trivial, non - reflex- 
ive, non - separable etc. In the case 6 = 00 we need to take 7 < and deflne 

i>{p) = i>{a',b;(3,-f;p) = {p-ay^^p G (a, /i); 

ipip) = ilj{a,b;(3,-f;p) = p'^ =p"'^', P>K 
where the value h is the unique solution of a continuity equation 

{h - = h-^ 

in the set h e (a, 00). 

The G{iIj) spaces over some measurable space (X, F, fi) with condition = 1 (prob- 

abilistic case) appeared in [26] . 

The BGLS spaces are rearrangement invariant spaces and moreover interpolation spaces 
between the spaces Li^R^) and Loo^R^) under real interpolation method [9], [23]. 

It was proved also that in this case each G{il)) space coincides with the so - called 
exponential Orlicz space, up to norm equivalence. In others quoted publications were 
investigated, for instance, their associate spaces, fundamental functions (f){G{tp; a,b); 6), 
Fourier and singular integral operators, conditions for convergence and compactness, re- 
flexivity and separability, martingales in these spaces, etc. 

Remark 1. If we introduce the discontinuous function 



ipr{p) = 1, p = r; iprip) = 00, p^r, p,r e (a, b) 

and deflne formally C/00 = 0, C = const G R^, then the norm in the space G{il)r) 
coincides with the Lr norm: 

ll/l|G(^.) = l/|.- 

Thus, the Bilateral Grand Lebesgue spaces are direct generalization of the classical expo- 
nential Orlicz's spaces and Lebesgue spaces L^. 

The function ■?/;(■) may be generated as follows. Let ^ = ^(x) be some measurable 
function: ^ : X ^ R such that 3(a,6) : 1 < a < 6 < 00, \fp G (a, &) |^|p < 00. Then we 
can choose 



Analogously let S,{t, ■) = C,(t,x),t G T, T is arbitrary set, be some family F = {^{t, ■)} 
of the measurable functions: Vt G T ^(t, ■) : X — > i? such that 



3(a, 6) : 1 < a < 6 < 00, sup |,^(t, ■)|p < 00. 

teT 



Then we can choose 



^(p) = ^p(p) = sup\^{t,-)\p. 
teT 
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The function ippip) may be called as a natural function for the family F. This method 
was used in the probability theory, more exactly, in the theory of random fields, see [33] . 

The BGLS norm estimates, in particular, Orlicz norm estimates for measurable func- 
tions, e.g., for random variables are used in the theory of Partial Differential Equations 
[15] , [2U] . theory of probability in Banach spaces [26j, [33j, in the modern non- 

parametrical statistics, for example, in the so-called regression problem [33] . 

The article is organized as follows. In the second section we obtain the main result: 
upper bounds for integral operators in the Bilateral Grand Lebesgue spaces. In the next 
sections we investigate some one- dimensional classical singular operators in BGLS: we 
obtain the upper estimations for its norm and consider some examples in order to show 
the sharpness of upper estimations. 

Fourth section contains the asymptotically exact BGLS norm calculation for the integral 
operators with homogeneous kernel. In the sixth sections we investigate some integral 
operators over the spaces with weight. 

The T*'' section contains the investigation of Fourier integral operators in BGLS spaces 
with exact embedding constant calculations. In the eight section we obtain the exact 
norm estimation for the celebrated Riesz operator. 

In the 9^^ section we investigate the case when the measures /xi,2 are pure atomic with 
unit measure of all points ("discrete case"). 

The last section contains some concluding remarks and generalizations. 

We use symbols C{X, Y), C{p, q; ip), etc., to denote positive constants along with param- 
eters they depend on, or at least dependence on which is essential in our study. To distin- 
guish between two different constants depending on the same parameters we will addition- 
ally enumerate them, like Ci{X,Y) and C2{X,Y). The relation g{-) x h{-), p G {A,B), 
where g = g{p), h = h{p), g, h : {A, B) denotes as usually 

< inf h{p)/g{p) < sup h{p)/g{p) < oo. 

P^{A,B) pe(A,B) 

The symbol ~ will denote usual equivalence in the limit sense. 
We will denote as ordinary the indicator function 

I{x e A) = 1, X e A, I{x e A) = 0,x ^ A; 

here A is a measurable set. 

All the passing to the limit in this article may be proved by means of Lebesgue domi- 
nated convergence theorem. 

2. Main result: norm estimations for regular integral operators. 

Let ipi') ^ "^{(^jb), where 1 < a < 6. Let T be the operator described in the first 
section. We introduce the function 

uip)= inf {|TU-^(g)}. (7) 

<?S(a,&) 

Then the function u{-) belong to the space G{iIj] c, d), where 

c = inf {p,p > 1, z/(p) < oo}; d = sup{p,p > 1, z/(p) < oo}. 
For the function is true the elementary estimation 
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u(p)<mm inf \\K\';^l ■ tpiq)] . (8) 

Theorem 1. Let / G G{ip), ip G \l/(a,6) and let T be the operator described in the 
first section. Then 

||T/||G(z.)<||/||G(^). (9). 

On the other words, the operator T is bounded from the space G{il)) into the another 
space Giv). 

Proof of the theorem 1 is very simple. Denote for the simplicity u = Tf. We suppose 
/(■) G G{ip)] otherwise is nothing to prove. 

We can assume without loss of generality that 1 1/| |G'(-?/') = 1; this means that 

VgG(a,6) ^|/|,<^(g). 
Using the definition of the norm \T\p^g we obtain: 

Hp < \T\p^g ■ ip{q), q G (a, 6). 

The assertion of theorem 1 follows after the dividing over the i^{q), tacking the minimum 
over q, q & {a, b) and on the basis of the definition of the Gltp) spaces. 

□ 

Corollary 1. We consider separately the case when T & UC; then the assertion (9) of 
theorem 1 may be rewritten as follows: 

IT < u{p) ■ \f\p. (10) 

We investigate in the remainder part of this section the sufficient conditions for com- 
pactness of the operator T from the one Bilateral Grand Lebesgue Space to the other 
Bilateral Grand Lebesgue Space. 

We assume here that both the measures and fi2,^2 are separable relative the 

distances correspondingly 

pi(Ai, A2) = \ A2) + /ii(A2 \ Ai), Ai, A2 G Si; 

P2(5i, B2) = fl2iBi \ B2) + ^l2{B2 \ B,), Bi,B2E S2. 

It follows from the famous Kondrashov theorem [21], chapter 9, section 3 that if Kp^q < 00, 
then the operator T is compact as the linear operator from the space Lg^^j^^ into the space 
Lp,ij.i ■ 

For example, it is true for the so-called embedding Sobolev's operator. 
But in the case of BGLS spaces still the embedding operator is bounded and is not 
compact [33]. 

Theorem 2. Let tp{-) G G{^;a,b), and let 

max( lim //(p), lim z/(p)) = 00. (11) 
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Let (■(■) be arbitrary function from the space G{iIj] c, d) such that (,{■) » z/(-). Then the 
operator T is compact operator from the space G{il)) into the space G(C)- 

Proof. It follows from the Kondrashov's theorem that the operator T is compact 
operator from the arbitrary space Lp^^^, p G (a, b) into the arbitrary space q G (c, d). 

The proposition of theorem 2 follows from the main result of an article [51] . 

□ 



3. Classical one-dimensional singular operators 

We consider in this section some classical one-dimensional integral operators with ho- 
mogeneous kernel of degree = — 1 of Hardy-Littlewood- Young type. We intend to obtain 
the exact values of embedding constants or as a minimum to obtain the low bounds for 
the norms of the operator T in the BGLS spaces. 

In detail, we consider the one-dimensional singular integral operators in the space X = 
(0, oo) of a view 

POO 

THf{x)= / K{x,y) f{y)dy, (12) 
Jo 

where the kernel K{-, ■) is presumed to be non-negative and homogeneous of degree -1; 
this means that 

K{x,y) = x'^ H{y/x), x,y > 0, 

where H{-) is some measurable function. 

We define for the values p G (1, oo) the function 

POO 

m = Mp) = / z-'/^H{z) dz (13) 
Jo 

and suppose in this subsection the finiteness of the function (f){p) for all the values sp G 
(l,oo). 

The famous result belonging to Hardy and Littlewood [IH], P- 93-114 states that 

\Th\p,p < (f){p)- 

and the last inequality is exact under some additional conditions. We can therefore use 
theorem 1. Namely, we define the arbitrary function ^/'(■) from the set G\E'(1, oo) the new 
function 

= <P{p)^{p)- 

It follows from theorem 1 that 

\\Th fWGi^w) < Vh \\f\\G{^), Vh < 1. (14) 

We will prove that under some additional conditions the exact value for the constant Vh 
in the inequality (14) is equal to one. 

Before the formulating the main result of this section, we need to establish some pre- 
liminary lemmas. 



Lemma la. Assume that the (measurable non-negative) function H{-) satisfies the 
following conditions: 

poo 

3^0 >0, / z-^^^° H {z)dz <oo; (15a) 



3H_ e (0, oo), z^0+^ H{z) = 
H_ llog^l'^i 5i(|logz|)(l + 0(|logz|-^|)), (156) 

where H„ = const G (0, oo),/5i = const > 0; Si{z) is non-negative continuous slowly 
varying as ^ — > oo functions: 

> ^ lim Si{lz)/Si{z) = 1. 

We propose that as p — > 1 -|- 

Mp) ~ H_(p - 1)-^^+' s,(i/(p - 1)) r(A + 1). (16) 

Lemma lb. Assume that the (measurable non-negative) function H{-) satisfies the 
following conditions: 

35o > 0, / z-^°H{z)dz < oo; (17a) 
Jo 

3H+ G (0, oo), z^0+^ H{z) = 

z-'\\ogzf'' 52(|log^|)(l + 0(|log^r^|)), (176) 

where if+ = const G (0, oo),/32 = const > 0; S2{z) is non-negative continuous slowly 
varying as 2; — > oo functions: 

V/ > ^ lim S2{lz)/S2{z) = 1. 

z— »oo 

We propose that as p — > 00 

<I>h{p) ~ H+ p^^+i S2{p) r(/?2 + 1). (18) 
Proofs. Proof of lemma la. We write first of all the partition 



J z-^'PH{z)dz + J z-^/PH{z)dz = h + h, 



and note that the second integral is uniformly bounded for the values p nearest to 1 -|- 
by virtue of the condition (15a). 

The assertion of lemma la it follows from the asymptotical equality: as p — > 1 -|- 



1 

z~^^P llog^l^^ ^i(log^) dz 





(p - 1)-^-^ s (^-^^ r(A + 1), A > 0. 

The proof of the lemma l.b may be obtained analogously. 

Theorem 3. Suppose the function H{-) satisfies either the conditions of lemma la or 
the conditions of lemma lb. Then 

\\Th f\\G{ij^^))<VH\\f\\G{i;), (19) 

where the exact value of constant Vh is equal to one. 
Proof of the theorem 3. 
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A. Let us consider and investigate the following value: 

Zt/ sup ||T^||(G(V')^G(V'(<^)) = 



V'GGf (1,00) 



\TH[f]\\G{ij(^^)) 



sup sup 

sup,[|rH[/]|p/(^(p)0(p))] 

sup sup n / xn ■ (19) 

Note that if we choose the function ip{-) as follows: 

i.e. the natural choice of a function V-'l'); obviously if the function / belong to the set 
L(l, 00), we obtain the following low estimation for the value Z : 

Z> sup sup JMk. (20) 

/eL(i,cx))pe(i,oo) <P{P) \j\p 

B. It remains only to prove the low bound for the value Vh- Let us consider at first the 
case when the function H{-) satisfies the conditions of lemma la. 
Let us choose the function, more exactly, the family of a functions 

(7A(.x) = |logx|^/(xe(0,l)), 

here A = const > 2 is some fixed number. 
We have: 

\gA\p = Vr(Ap + l). 
Further, we denote va — ThQa- We obtain as x ^ : 



A + P2 + I 
We obtain after some calculation 



va{x) = X ^ \ ^ogy\^ H{y/x) dy 
Jo 

'\ogxf'+'^+^S2{\logx\). 



^P-ooJ^ > exp(-/3. - 1) f 1 + ^) 



A 



Therefore, 



Z > lim cxp(-/52 - 1) ( 1 + ^^^1 = 1. 



This completes the proof of theorem 3 in the case when the function H{-) satisfies the 
conditions of lemma lb. 

C. The second case, i.e.when the function H{-) satisfies the conditions of lemma la, 
the proof provided analogously by the consideration the family of a functions 



fA{x) =X-^ (logx)^ I{X > 1). 
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We consider further in this section the integral operators with homogeneous kernel of 
degree -1 which does not satisfy the conditions of theorem 3. For instance, let the operator 
Tr,s[f] has a view: 



^0 

where r,s — const, < r < s + 1. Here 



rjf.Syr S 



H{z) = z-'^'-''^ (1 - zy-^ I{z e (0, 1)) 
and correspondingly only for the values p > 1/(1 + s — r) 

r(l-l/p-(r-s)) r(r) 



(t)r,s{p) = B{1 - 1/p - (r - s), r) 



r(i-i/p + s) 

where B{-,-) denotes usually Beta-function. 

Recall that we consider here the case when p > 1; so we assume that 

p > max(l, 1/(1 + s — r)), 

in the contradiction to the theorem 3. 

The family of the operators {Tr,s[f]{x)} contains the classical Rieman's fractional in- 
tegral operator, up to multiplicative constant and the power factor x*, which does not 
dependent on the variable y : 

Analogously may be considered the fractional integral in the Weil's sense: 



1 r°° 

W^'\f]i^)f^J iy-xy-' f{y)dy. 



So, we will consider the operators Tnlf] with homogeneous kernel 

K(x,y) = x~^H[y/x), degree(JC) = —1 

where the function H — H{z) does not satisfy the conditions of lemmas la or lemma lb. 
Indeed, we consider as a functions H{) the functions of a view 



A H{z) ~ //_ • log z\^'Si{z), ^ ^ 0+ 



or 



B H{z) ~ H+ ■ \ogz\'^'S2{z), z^oo. 

In both the cases a = const G (0, 1) and as before Si{-), S2{-) are non-negative continuous 
slowly varying as 2; oo functions. 

Note that in considered cases A and B the function 0(p) does not exists in the whole 
axis (1, 00), in contradiction to the cases considered in the lemmas la and lb. Namely, in 
the first case A 



4>h{p) < 00 ^ p > l/a. 
and in the case of the condition B 
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(pH^p) < oo ^ p e {1, 1/a). 

Lemma 2a. 

Assume that the (measurable non-negative) function H{-) satisfies the following condi- 
tions: 

/oo 
z-^+&^H{z)dz < oo; 

3H_ E (0, oo), z^0+^ H{z) = 
H.z'^-' \ \ogzf^ 5i(|log^|)(l + 0(|log;2|-^|)), 

where H_ = const G (0, oo),/3i = const > 0; Si{z) is non-negative continuous slowly 
varying as 2 — » oo functions. 

We propose that as p ^ 1/a + 

Mp) -H^ip- l/a)'^^+' S,il/ip - 1/a)) Ti(3, + 1). 

Lemma 2b. Assume that the (measurable non-negative) function H{-) satisfies the 
following conditions: 

36o > 0, / z~^''H{z)dz < oo; 
Jo 

3H+ e (0, oo), z^0+^ H{z) = 
z-'-'^liogzf^ S2i\ log^|)(l + 0(1 log^r^D), 

where = const G (0, oo),/52 = const > 0; S2{z) is non-negative continuous slowly 
varying as z — > oo function: 

We propose that asp— > — 

<f)H{p) ~ {1/a - j9)-^^+i S2{l/a - p) r(/?2 + 1). 
Proofs are analogous to the lemma la and may be omitted. 

Theorem 4. Suppose the function H{-) satisfies either the conditions of lemma 2a or 
the conditions of lemma 2b. Then 

\\Th f\\G{^|J^^))<VH\\f\\G{^|J), (20) 

where the exact value of constant Vh is equal to one. 

Proof of the theorem 4 is at the same as the proof of theorem 3. 

□ 



4. Singular operators with arbitrary degree of kernel, with 

generalization 

A. We consider in this subsection the family of operators of a view 

f{y) dy 



Jo + yr 

Here A = const G (0, 1), X = (0, oo) and we denote u{x) = T\f{x) 
It is known ^31j, p. 215 that 
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\T\f\p/\ 



< 



_sin(7r/p) 

where p e (A, oo) and as ordinary q — p/ip — i)- 
The last relation may be rewritten as follows. 



\f\q/{q-^)^ 



\Txf\p < 



TT 



_sin(7r/(pA))_ 

but for the values p from the interval p e (1/A, oo). 

In order to formulate the main result of this section, we need to introduce some func- 
tions. Let h — h{X), A e (0, 1) be well-known entropy function 

MA) = -Alog(A) - (l-A)log(l-A). 

Note that the function h{-) may be continued on the whole closed interval [0, 1] as the 
continuous function, as long as 

lim h(X) = lim h(X) = 0. 

A-+0+ A->l-0 

Further, we define the function: 

L(A) := max {Ar^(l + 1/A), e''^^)} , 



V{X,p) 



/eL(l/A,S)),/^0 \ |/|p/(p(l-A)+A) 



f \Txf\ 



p/A 



sin(7r/p) 



-I A" 



TT 



p e (l,oo); 



V^(A) = sup V{X,p). 

pG(l,oo) 

Note that 

W =^ sup F(A) = 1. 

Ae(o,i) 

Let also ^(■) be arbitrary function from the space 1/(1 — A)). We define for any 

value A e (0, 1) 



^(A)(P) := 



TT 



1 A 



sin(7r/(pA)) 



P 



p(l- A) + l 



Theorem 5. 



||rW/||G'(V'«)<yi||/||G'(V'), (21) 

where the exact value of constant Vi — Vi{X) lies in the closed interval 

V^e[L{X),l]. 

Proof. The upper bound for Vi it follows from the Lp — > Lp estimations for considered 
operator on the basis of theorem 1. To obtain the low bound L{X), we construct two 
examples. 

First example. Let us consider the function 
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f{x) = X ^I{x > 1), 

then 

and as X — > oo 

dy _^ f°° dz 



X 



^ I z~^dz — x~^ log X] 

Jl/x 



and we compute ad p — > 1 + 

rVp(p+ 1) 

" (pA-l)i+Vp" 

The first example give us the following low estimation for the value Vi : 

> Ar^(l + 1/A). 

Second example. We consider here the function 

g{x)^x-^^-^~^I{x e (0,1)). 

We get as p — > oo : 



y-('-'^ dy 



^0 



Iq {x + yy 
\logx\Pdx^r{p+l). 
The second example give us the next low estimation for the value Vi : 

Thus, 

Vi > max (e'*(^), r^(l + 1/A)) , A e (0, 1). (22) 

□ 



B. We consider here the family of operators of a view 

u{x) = w[/](x) = nm = \x\-^ [ ^^^^,'^'7/^ (23) 

here a, P > 0,a + X < d. 

We define the function q — q{p) as follows: 

^ 1 1 q; + /3 + 7 
1 + - = - + 3 ^. 

q p d 

Wc will denote the set of all such a values ip,q) as G{a,P,X) or for simplicity G — 
G{a,(3,X). 
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Further we will suppose in this subsection that {p,q) g G{a,i3,X) = G. 
We denote also 

d d 



P- ■= -1 , P+ 



d — a d — a — \ 
and correspondingly 

d d 

1- ■= ^+ ■= ^' 

where in the case /3 = ^ g+ := +oo; 

n = n{a, P, X) := {a + P + X) / d. 
Let ?/'(■) G G'^{p-,p+)] we define 

V'a,/3,A = [{P - P-){P+ - P)V ^{P)- (24) 

Theorem 6. There exist a two positive finite constants Ci{d; a, P, X), G2{d; a, P, X) 
for which the minimal value of a constant < Va,i3,x from the inequality 

\\i.,fsAf]\\G ii^a,p,x) <v^,fs,, WfWGi^ij) 

lies in the closed interval 

K.,/3,Ae [Ci(d;a,AA),Ci(d;a,AA)]. (25) 
Proof follows immediately from the main results of papers [3S], [30] ■ There are described, 
for instance, correspondent examples. 

Note that in the case a = /3 = we can conclude that 

Csid) ^ ^ C,{d) 
d^ - - rf^' 

see [35]. 

□ 



5. Singular operators of Hardy type and its weight generalizations 
We consider in this section the operators of a view 



Ux[f]{t)=t'-' fs-' f{s) ds. 
Jo 

Here X = R^, X = const G (— oo, 1), and we equip all the Borelian sets of the space X 
by the measure 

This operators play a very important role in the theory of operators interpolation |3], 
chapter 3, section 1. 

There it is proved the following Lp^^ estimation: 

\Ux[f]\p,u < \ f\p,u, P e [1, oo]. 

Therefore, if we consider arbitrary function ip G G'\t'(l,oo), we conclude on the basis of 
theorem 1 that 
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l|f/A[/]||G(^)<^ (26) 

Theorem 7. The constant 1/(1 — A) in the inequality (26) is exact. 
Proof is at the same as before. Namely, let us consider the function 

/o(t) = I logt|-^ lit G (0, 1)), A = const G (0, 1); 

then 

|/oU. = (pA-l)-i/^ pG(l/A,oo), 

and we get as t ^ 0+ : 

Ux[M{t)=t^-' f s-^ \ \ogs\-^ dsr^ 
Jo 

^ ■iogtr^ = -l-/(t). 



l-A ' " ' 1-A 
Therefore, we have asp— s>l/A + 

|f^A[/o]|p ~ Y^TxI/olp- 

This completes the proof of this theorem. 

Another version of Hardy's inequality see in [40j, pp. 134-135: 

i/p 



poo / r \ \ 

J r^'ip' U \f{s)\ s'/p'^' dsj dt\ < 



(iM-l/p)-^ ( / \fis)\^dsj ; (27a) 







oo / poo \ \ 1/p 

^-P/PO / ds) dt) < 



\Jt 



/ foo \ 1/p 

(l/p-l/po)^' ^ \f{s)rdsj ; (276) 



here 1 < pi < p < po < oo. 

The inequalities (27a) and (27b) may be rewritten as follows. 

^.[/]|p < (a - l/p)-1/|p, P e (1/a, oo), 
f/a[/]|p<(l/p-«)-1/|p, pG(l,l/«), 

but here a G (0, 1). 

If the function ip = ip{p) belongs to the set G'\E'(l/a, oo), we introduce the auxiliary 
function 

ipa{p) = (a - 1/py ^(p). 
It follows from the theorem 1 that 

\mf]\\G{^a)<l-\\f\\GW. (28) 
Theorem 8. The constant 1 in the inequality (28) is exact. 
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Proof is at the same as in the theorem 8. Namely, we consider a function 
f^(x) = X"" (logx)^ I{x > 1), A = const > 1; 
then we have asp— s>1/q; + and x oo, x > 1 : 

|/o|p = (ap - T'/p^Ap + 1) ~ {ap - l)"^- r-(A/« + 1); 



ua{X) := X 



[ s^-\s-'' {log s)^ds = 
Jo 

(A + l)-i x-" (logx)^+\ 
I .^| 1 r-((A + l)/a + l) 

Note that asp^ l/a + O 



A + 1 (ap - 



I^aIp ./ 1 / ^ ^ _i /A + 1 



A 



lim,_i/.+o|^ : (« - > e-^ (^^J • (29) 

The expression (29) tends to one as A ^ oo. 
This completes the proof of this theorem. 

The case when p G (1, l/a) may be considered analogously, by mean of an example 

g^(x) = I logxl^ I{X e (0, 1)). 

□ 



6. Singular operators over the spaces with weight 



Let r be arbitrary constant positive number, r 7^ 1. Let us consider in this section 
integral operators of a view 



or 



/(i)[/](^)= r fit) dt, X = R+,r>l, 
Jo 

POO 

f'\f]i^)= / fm, X = R+,r<l. 

J X 



i.e. we consider the integral of /(■). 

We equip the Borelian sets of the space X = _R+ by means of the weight measure fir{A) 



'tjj doc 



and will denote for simplicity the Lp norm of the function h : 

\h\. 



R in this space as 



\P,r ■ 



X-' \h{x)\^ dx 



Uo 



i/p 



In the book p. 227 - 231 it is proved: 
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x-''\f^\x)\Pdx<(^j-^^ ■ x-^{xf{x)ydx. (30) 
The inequality (30) may be rewritten as follows: 



\F\ <^—-\q\ 



where 

F[g]{x) = / g{y) dy, r > 1; 
Jo 



the case when r < 1 and 



POD 

F[g]{x) = / y-' g{y) dy 

J X 



is considered analogously and will be omitted. 

Therefore, in the considered case r < 1. 

Let be any function from the set G^(l, oo); we define 

^i(p) =P ^(p)- 

Theorem 9. 

WmiGi^i) < {\r - \\9\\G{xb). 
where the value of the constant {\r — is the best possible. 

Proof of the low estimate is ordinary. Let us consider the example of a function: 

gA{x) = I loga:;|'^/(a; e (0, 1)), A = const > 1; 
then ^ 

|(/A|j:,. = ^ a;-^ logxl'^Pdx = i^^^y^+i ' 

and for the values x from the interval x e (0, 1) : 



F[9a]{x) = I y-^\ logi/l^ dy={^ + 1)-^ | log 
Jo 



X 



A+1. 



It is easy to calculate using Stirling's formula that as p — > oo 

iE^[|r-l| |FbA]|p/|^Ay >e-^(l + l/A)^. 
The assertion of our theorem follows from the equality 

lim e-^(l + l/A)^ = I. 

A^oo 



□ 
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7. Fourier integral operators 
We consider here the classical Fourier integral operator of a view 

/oo 
exp{itx)f{t)dt. 
-oo 

It is known [S], pp. 96-98, that 



[ \F{x)f \x\P~^dx <py{p-l) [ \f{t)f dt, pe {I, oo). (31) 
Jr Jr 

The inequality (31) may be rewritten in the language of BGLS as follows. Let ip be 
arbitrary function from the class G\E'(l,oo). We define the new measure ^{dx) = dx/x^ 
and introduce the new function 

then it follows from the theorem 1 that 

||F[/]||G(^^,/i)<l-||/||G(^). (32) 

Theorem 10. The constant 1 in the inequality (32) is the best possible. 
Proof. Let us consider the example function 

/o(x) = x'^ I{x > 1), 

then 

\fo\, = {p-l)'^'. 
Further, we have as t — > 0, t E (0, 1) : 



oo 



-^[/o](^) = / exp{itx)dx/x = / exp{iy)dy/y = C 



exp{iy)dy/y ~ | logt|. 



Therefore, as p — > 1 + 



/•l /"OO 

l^[/o]l^.^~ / |logtrrtt= / e-y^^"'^y^dy=ip-l)-P-'T{p+l); 
Jo Jo 



\F[fo]U-ip-l)-'-'/' 
and we have as before choosing ip{p) = |/o| 



IP 



sup 

pe(i,oo) \Jo\p 



l/o|p " \fo\p 



□ 
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8. RiESZ SINGULAR INTEGRAL OPERATOR 

The operator of a view 



i^j - yj)f{y) dy 



R" F — y 



n+1 



is named Riesz transform, or Riesz operator. Here n = 1, 2, . . . ; j = 1, 2, . . . , n; 

Note that the general case of singular integral operators acting in the BGLS spaces without 
exact constant calculation is considered in [M] , 

In the one-dimensional case, i.e. when n = 1 the Riesz transform coincides with the 
so-called Hilbert transform 

def _i rf{y)dy 



/c 



x-y 



The exact value of the Lp — > Lp norm of the Riesz operator does not dependent on the 
dimension n. Namely, we have for the values p from the open interval p G (1, oo) : 



h{p) \\R,\\{Lp ^ Lp) = tan(7r/(2p)), p e (1,2] 



and 



%) = l/tan(7r/(2p)), pG[2,oo), 

see [38], [22], chapter 12, section 12.1. 

Note that as p — » 1 + h{p) ~ l/(p — 1) and as p ^ oo h{p) ~ p. 

At the same estimation for the Lp Lp norm is true for the Hilbert transform in the 
case X = (— vr, vr), where the operator H is defined as follows: 

f(x — y) 

H^[f]{x) = {2ny^ p.v. / - — -——dy,x-y = x-y mod (27r). 



Note also that if 



then 



fix) = ^ + ^(flfc cos(A;x) + bk sin{kx)), 

k=l 



Hn[f]{x) = ^{aksm{kx) -bkCos{kx)). 

k=l 

Let us denote for arbitrary function ip G 6^^1/(1, oo) the new function from at the same 
set 

i^nip) = Hp) ■ i){p). 

Theorem 11 

/||G(^h)<^-||/||G(^), 

where in general case the exact value of the constant Z is equal to 2/7r : 
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Z = sup sup \u\\r^t i\ = ~- 

V'GG*(1,oo) /gGi/)(1,oo),/7^0 WJW^W) ^ 

Proof. The upper bound for the constant Z it follows from the exact value for the 
function /i(-); it remain to provide the low bound. 

It is sufficient to consider only the one- dimensional case, i.e. when the Riesz transform 
coincides with the Hilbert transform. 

A. We consider at first the case X = (— vr, tt). Let us consider the family of a functions 
of a view: 



9a{x) = ^(logn)^sin( 



[nx]. 

n=2 

Here A = const is some "great" constant. 
It is proved in [16], p. 182-185 that as x ^ 



|5'A(a;)| ~ O.Svrl log |x| |^, 



therefore 



|(2/7r) (7a|^x2 ! \\ogx\Mx = 2T{/\p+l)- 
Jo 

and as p — >• cx) 

\{2/n) g^\pr^r'/P{Ap+l). 

The correspondent Hilbert transform for the function g/^, which we denote by —ua, has 
a view 

oo 
n=2 

It is proved also in the book of Zygmund [46j, p. 182-185 that as x — 

\ua{x)\ ~ (A + l)^i|log|x| l^+S 

and following as p ^ oo 

\ua\p ~ (A + l)-iri/P((A + l)p + 1). 



Let us denote 



\h{P) 9\p 



\/M = sup sup V^'^\g,p). 

9GL(1,oo) p6(l,oo) 



It follows from the upper bounds of this theorem that < 2/7r. On the other hand, 

we have for all the values A = const > using the famous Stirling's formula: 

\TH[gA]\t 



> limA^oolimp->oo f ^ I > 
\h{p) gAlp 
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liniA^oo-e ^ ( ) = lim -e ^ ( ) = -■ 

vr \ A / A-*oo vr \ A J n 

Choosing as a function tp{p) the following expression: 

def 

ip{p) := ipoip) = \gA\p, p e (1, oo), 

for sufficiently great values A, we complete the consideration of the case A of this theorem. 

B. In this pilcrow we consider the case of the Hilbert's transform on the whole real 
axis. Let us choose the function 



= I{x G (c, d)), X G -R, c,d = const, d = c + 1; 

then Vp > 1 = 1. 

The correspondent Hilbert transform for the function fi{x) we denote by it is 

equal to 



vi{x) = - log 

TT 



X — c 



X — d 



see [3], p. 143-144. 

It is easy to see that as |a;| — > cxd 



Vi[X) ~ — |x| , 

TT 



and hence 



2 1 



^1 



TT p — 1 



, p-^ 1 + 0. 



Let us denote as before 



\h{P) f\p 
V\ = sup sup Vi{f,p). 

/eL(l,oo)pg{l,oo) 

It follows from the upper bounds of this theorem that Vi <2/tt, but 

2 

Vi > limp^i+o^i(/i,p) = -• 



vr 



Thus, Vi = 2/tt. 

This completes the proof of our theorem. 



□ 



9. Discrete case 
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We consider in this section the case when X = {1, 2, 3, . . . and fi is ordinary counting 
measure. So, the Lp norm of the function / = f{k), k ^ X may be defined as follows: 

/ oo \ Vp 

\f\p= (Ei/(^)n ' p^i- 

In the terminology of a book [3J these spaces are called discrete resonant measurable 
spaces. 

First of all we will formulate some simple properties of the Lp norms in this space X. 

l.p<q ^\fU<\f\p; 
2. If for some p < oo |/|p < oo, then 

def 



hm |/|^ = sup|/(A;)| =^ |/|, 

k>l 



3. Natural functions. 



Let f E h for some value s, s E [1, oo); then Wq > p \ f\q < \ f\s. Therefore, if we define 
the natural function for the vector /, i.e. the function 

i^fip) = l/U S <p<00, 
then the function ^/(p) is bounded in the set p E (si, oo) and moreover 

3 lim ipf{p) = sup \f{k)\ < oo. 

We will consider in this section only the functions with the last both Properties. 
Example. Let f{k) = A;"", a G (0, 1). We get: 



ijf{p) 



p 



l/a 



p E (l/a, oo). 



p — l/a 

4. Tail behavior; see for comparison [3^ . 

Let us denote for the (infinite) sequence / = {f{k)} the so-called tail function 

Zfie) = fi{k : |/(A;)| > e} = card{A; : \f{k)\ > e}, e > 0. 

Obviously, Zf{e) = 0, if e > sup^ \f{k)\. 

It follows from the Tchebyshevs inequality that if the sequence / = {f{k)} belong to 
the space G{'ip), then 



Zfie) < inf 
p 



Inversely, 



Therefore 



p 



POO 

/ y^-'Tiy)dy 
Jo 



i/p 
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||/||G'(^)= sup 

pe(a,fe) 



V I y^~^ T{y) dy 
. Jo 



i/p 



Example. If f{k) = k'", A; = 1, 2, . . . , a G (0, 1); then 



But if it is given that 



\f\p< 



P 



then we can conclude only 

Zf{e) X C ■ 



p — 1/a 



-l/a 



1/a 



loge| 



eG (0,1/e). 



In the classical book |19j there there are many examples of Ip — >■ Ip norm estimations 
for matrix linear operators, which are completely analogous to the "continuous" case, as 
in section 3. For example: 

n 

4'\m = n-' f{k), \4'^\p,p = p/{p - 1); 



k=l 



k + n 

k=l 

Tmin):=f: ^^^^ 



P,P 



sin(7r/]9) 



P 



p e (l,oo) 



, p G (l,oo) 



^ max(/e, n) p — I 



k=l 



k 

k=n 

\og{k/n)f{k) 
k — n ' 



0/0 = 0, \T^^''^\ip,p) 



TT 



1 2 



sin(7r/p) 



etc. 



We will consider more generally linear matrix operators of a view: 



Tlf\f]{n)=n-'Y,fik)H{k/n) 



k=l 

where the function H = H{z),z G (0, oo) satisfies the conditions of lemmas la or lb 
or 2a or 2b. Suppose in addition the function H{-) is piecewise strictly monotonically 
decreasing and piecewise continuous with finite points of charging. 
Theorem 12. 

where the exact value of constant Vh is equal to one. 
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Proof is at the same as in the proof of theorems 3 and 4, with at the same "counter- 
examples"; more exactly, if the function / = f{x),x e (0, oo) is some example in the 
theorems 3 and 4, then the sequence 

Mk) = f{k) 

is the correspondent "counter-example" in the discrete case. 

Many another generalizations see in the works [4j , ^ , [6j , ^ , [T7| , [TS] ; see also reference 
therein. 

We will consider the linear operator with lower triangular (infinite) matrix A = {a{n, k)} 
with non-negative entries: a{n, fc) > of a view: 

a{n, k) = \{k)/A{n), 1 < k < n; a{n, k) = 0, k > n + 1; 

here 

n 

X{k) > 0, A(l) > 0, A(n) = ^(f^)- 

k=l 

The correspondent linear operator T = may be defined as ordinary, indeed, for the 
infinite sequence x = {x{i), z = 1, 2, 3, . . .} 



Ta[x]U) = Y,<'U^ 



^^,i)x[t). 

i=l 

It is proved in the article [1], see also [17], [18] that if 

/A(n + 1) A(n)\ ,^ , 
„ V'^l'^+l) Kit-) J 

then for the values p, p > L 

P 



\Ta\p,p < 



p — L 

As a consequence, if the function ip^p) belongs to the set G\1'(L, oo) and if we define a 
new function 

V'^^Hp) = Hp), 

p — L 

then it follows from theorem 1 that for arbitrary sequence x = {x{i),i = 1,2,...} belong- 
ing to the space G (■?/') 

||r^[x]||G(V^(^))<l-||x||G(V'). (33) 
Theorem 13. The constant 1 in the inequality (33) is in general case exact. 

Analogously may be considered the case when a = const G (0, 1) and 

a{n,k) = n-° [fc" - (A; - 1)"] 

or 
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In both the last cases the Ip — > Ip norm of the operator with the matrix A = {a{n,k)} 
allows the following estimation: 

\Ta\p,p<^^: p>l/a. 
ap — 1 

As before, if the function ip{p) belongs to the set G^{l/a, oo) and if we define a new 
function 

ap — 1 

then it follows from theorem 1 that for arbitrary sequence x — {x{i),i — 1,2,...} belong- 
ing to the space G{ip) 

||T^[x]||G(V'(a))<l-||x||G'(V'). (34) 
Theorem 14. The constant 1 in the inequality (34) is exact. 

Proof of theorems 13 and 14. It is sufficient to prove the last theorem. Let us consider 
as ordinary the following example: 

x^{x{k)}, x{k)^k-'^{logk)^, A; = 1,2,...; A = const > 0. 
We get for the values p — > l/a + : 

(ap-l)-^-^^ r(Ap + l), 
\x\p ~ {ap - 1)-^-Vp r'/P{Ap + 1) ~ {ap - l)-^-°r"(A/Q; + 1); 
y := Ta[x] = {y{n)}, n ^ oo ^ y{n) - (A + l)-^a n"" (log(n))^+^; 
\y\p ~ (A + l)-i a {ap - ly^—^ r-((A + I)/ a + 1); 



limp^i/a_i_o 



y\p o!p 



\x\p ap — 1 
lim e-' + = 1. 

A-»oo V A / 



A 



□ 



10. Concluding remarks 

The assertion of theorem 1 is true still for the so-called sublinear operators, i.e. for the 
operators T[f] with properties: 

\T[f + g]\p<\T[f]\p+\T[g]\p,pe{l,oc)- 

\T[Xf]\p^\X\ \T[f]\p, A -const. 

Many examples of sublinear operators give us maximal operators. Let ^ € O be 

a family of linear operators. We put: 
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T[f]{x) = snp\Te[f]{x)\, 
eee 

if there exists and satisfies, e.g. the inequahty 

\T[f]\p<m i/u 

where < < oo, p E (1, oo). 

For instance, let X = (— tt, tt) and let for any function f : X ^ R S*[f]he the maximum 
of the absolute value of the partial Fourier Sn[f] sum for the function / : 

5*[/] = sup|^„[/](x)|. 

n 

It is known, see for example, [ID], p. 151, that for some absolute constant Ci G (0, oo) 

\S*[f]\p<C^J^^^\f\„ pe{l,oc), 

i.e. in this case = p^/ {p — 1)^. 

Another example. Let H*[f] be the maximal Hilbert transform for the function /, / : 
R ^ R. It is proved in [101, p. 84 that for some absolute constant C2 G (0, 00) 

\HV]\p<C,^\f\,, 

i.e. here = p^ /{p — 1). 

It follows from theorem 1 that if in the case when < 00, p G (1, C)o) and G 

G'\E'(1, 00) we define 

then 

i™i|G(^)<||/||G(^). 
Analogous asymptotically as p ^ 1 + and p — > 00 exact estimations for the function 
$ = are obtained for the famous singular operators of Calderon - Zygmund type or 
analogously maximal Calderon - Zygmund type, see [I], [S], [H], [12] etc. 
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